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Abstract— Ensuring safe trajectory planning of autonomous
mobile robots in environments with static and dynamic obsta-
cles is a critical challenge for real-world deployment. Existing
approaches, such as nonlinear predictive control (NMPC) with
control barrier functions (CBFs), can provide safety guaran-
tees. However, their computational complexity scales with the
prediction horizon, which can hinder real-world feasibility.
We propose an NMPC algorithm that combines discrete-time
CBFs with Bernstein polynomial parameterization. By con-
straining a constant number of Bernstein control points within
a dynamically generated safe corridor, the entire trajectory is
guaranteed to remain forward invariant within the safe set. It
also significantly reduces computational complexity compared
to conventional approaches. Simulation results in both static
and dynamic obstacle environments demonstrate that it achieves
a high success rate while maintaining similar safety margins
to existing baselines. At the same time, computation time is
reduced by between 60% and 90%, depending on the scenario,
and it remains nearly constant even as the prediction horizon
increases. These results demonstrate the efficiency, robustness,
and scalability of the proposed approach for safe trajectory
planning in diverse scenarios.

I. INTRODUCTION

Recent advances in mobile robotics are driving the inte-
gration of autonomous systems into human environments.
These systems are extending their influence from improving
industrial productivity to enhancing convenience in daily
life. In particular, the adoption of autonomous mobile robots
(AMRs) is accelerating in industrial sectors such as logis-
tics and manufacturing. The global market for AMRs was
estimated at approximately $4.07 billion in 2024 and is
projected to grow to $9.56 billion by 2030, corresponding
to a compound annual growth rate (CAGR) of 15.1% [1].
The proliferation extends to the domestic sphere. More than
half of U.S. households use smart-home technologies, creating
an ecosystem that enables autonomous appliances such as
robotic vacuum cleaners. As robots become increasingly
widespread in our lives, ensuring their safety has emerged
as a critical challenge. In particular, mobile robots responsible
for transporting people or stuff are required to navigate safely
through environments containing both unpredictable dynamic
obstacles and static obstacles.

To address collision avoidance, traditional methods such
as the dynamic window approach (DWA) [2], timed elastic
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Fig. 1: Overview of the proposed NMPC approach. Safety is preserved
by constraining Bernstein control points within a safe corridor, which
guarantees forward invariance of the entire trajectory.

band (TEB) [3], and optimal reciprocal collision avoidance
(ORCA) [4] have been widely used. DWA is a sampling-
based method that searches for an optimal control input
within the robot’s dynamic constraints. In contrast, TEB [3]
is an optimization-based approach that models the predicted
trajectory as an elastic band, continuously deforming it to find
a smooth and collision-free path. While these methods are
effective in many scenarios, they lack guarantees of safety.
These limitations have motivated the development of control
barrier functions (CBFs) [5]. CBFs are founded on Lyapunov
stability theory and are designed to ensure system safety
by achieving forward invariance, which guarantees that the
system state remains within a predefined safe set at all times.
They have also been combined with model predictive control
(MPC) to provide predictive safety and integrated with control
Lyapunov functions (CLFs) to account for stability jointly.
Furthermore, extending CBFs to discrete-time for practical
implementation, known as DCBFs, has become a key area of
research [5], [6]. Nevertheless, even with these extensions,
standard CBFs still face several fundamental challenges.
Especially for high-order dynamical systems where control
inputs do not immediately affect the safety state, CBFs often
result in overly cautious behaviors. In more severe cases, they
lead to infeasibility, where no safe solution can be found. To
enable robust handling of complex systems, high-order CBFs
(HOCBFs) [7]–[9] have been developed by incorporating high-



order derivative constraints. Furthermore, dynamic CBFs (D-
CBFs) have been proposed to handle unpredictable moving
obstacles [10]. A similar recent study [11] explores the
use of Bernstein polynomial parameterizations for motion
planning. This approach emphasizes certifying reachable sets
that reflect the capabilities of low-level tracking controllers,
enabling long-horizon reasoning in hierarchical systems. In
contrast, our work pursues a different safety objective. We
integrate discrete-time CBFs into an NMPC formulated with
Bernstein control points as decision variables. It directly
enforces forward invariance of the entire trajectory within a
safe set, while reducing the number of constraints.

We propose a novel NMPC framework for trajectory
planning that ensures safety while significantly reducing
computational complexity. Conventional approaches [5]–[10]
integrate CBFs into NMPC by enforcing safety constraints at
every prediction step. In contrast, our method exploits the
convex hull property of Bernstein polynomials to achieve
safety with far fewer constraints. Restricting a constant number
of Bernstein control points within a perception-driven safe
corridor guarantees that the entire reference trajectory lies
inside the safe set, as shown in Fig. 1. We reduce the number
of safety constraints from𝑂 (𝑚𝑁) to𝑂 (𝑚(𝑑+1)) by exploiting
the convex hull property of Bernstein polynomials. Here, 𝑚
denotes the number of half-spaces defining the safe corridor,
𝑁 is the predictive horizon length, and 𝑑 is the Bernstein
polynomial degree. As a result, safety verification becomes
independent of the prediction horizon length, yielding sub-
stantial computational savings while preserving safety and
robustness. The main contributions of this paper are threefold:
• We introduce an NMPC formulation parameterized by

Bernstein control points that enforces safety while ensur-
ing forward invariance of the trajectory.

• Robust safety under bounded tracking errors is theoreti-
cally guaranteed by means of tightened safe sets.

• Experimental results show that our approach maintains
performance on success rate and safety margin ratio,
achieving a significant reduction in computation time
compared to the conventional approaches, which inte-
grate CBFs into NMPC [6], [7].

The remainder of this paper is organized as follows. Sec-
tion II introduces the mathematical preliminaries. Section III
details our proposed NMPC-based pipeline, focusing on how
safety is formally guaranteed while reducing computational
complexity through Bernstein control point parameterization.
Section IV evaluates the proposed approach in diverse sce-
narios to demonstrate its efficiency and robustness. Finally,
Section V concludes the paper and outlines directions for
future research.

II. PRELIMINARIES
In this section, the concept of a CBF for discrete-time

systems is introduced. Additionally, the Bernstein trajectory
ensuring system safety is defined

Definition 2.1 (Discrete-Time Control Barrier Function [5]):
Consider the discrete-time control system

x𝑘+1 = 𝑓 (x𝑘 ,u𝑘) , 𝑘 ∈ N≥0, (1)

where x𝑘 ∈ 𝑋 ⊂ R𝑛 is the state and u𝑘 ∈𝑈 ⊂ R𝑚 is the control
input at time step 𝑘 . Let ℎ : 𝑋 → R be a continuous function
that defines the safe set

S := {x ∈ 𝑋 |ℎ(x) ≥ 0} . (2)

The continuous function ℎ is a discrete-time control barrier
function (CBF) for (1) with respect to the safe set (2) if there
exists a class K function [12] 𝛼 with 𝛼(𝑟) < 𝑟 for all 𝑟 > 0
such that

ℎ ( 𝑓 (x𝑘 ,u𝑘)) ≥ ℎ(x𝑘) −𝛼 (ℎ(x𝑘)) , ∀x𝑘 ∈ 𝑋. (3)
Definition 2.2 (Safe Control Set [8]): For every state x ∈

𝑋 , the safe control set is

C := {u ∈𝑈 | ℎ ( 𝑓 (x,u)) ≥ ℎ(x) −𝛼 (ℎ(x))} , (4)

where 𝛼 is a class K function with 𝛼(𝑟) < 𝑟 for all 𝑟 > 0.
Definition 2.3 (Forward Invariance [7], [8]): For the sys-

tem (1), a safe set 𝑆 (2) is forward invariant if every trajectory
that starts inside 𝑆 never leaves it:

x0 ∈ 𝑆⇒ x𝑘 ∈ 𝑆, ∀𝑘 ∈ N≥0. (5)
Remark 2.1: If ℎ is a discrete-time CBF and, at every step

𝑘 , the control input is in the safe control set u𝑘 ∈ C(x𝑘), then
the safe set 𝑆 is forward invariant.

Proof: For the system (1), assume x0 ∈ 𝑆 so that ℎ(x0) ≥
0. Suppose ℎ(x𝑘) ≥ 0 and choose u𝑘 ∈ C(x𝑘). Then, ℎ(x𝑘+1) ≥
ℎ(x𝑘)−𝛼 (ℎ(x𝑘)) ≥ 0 since𝛼(𝑟) < 𝑟 for all 𝑟 > 0. Hence x𝑘+1 ∈
𝑆. By induction, ℎ(x𝑘) ≥ 0 for all 𝑘 ∈ N≥0. Consequently, the
safe set 𝑆 is forward invariant.

Definition 2.4 (Discrete-Time Bernstein Trajectory): Let
𝑁, 𝑑 ∈ N. Given control points {p𝑖}𝑑𝑖=0 ⊂ R𝑛, define the
Bernstein basis

𝐵𝑑
𝑖 (𝜏) =

(
𝑑

𝑖

)
𝜏𝑖 (1− 𝜏)𝑑−𝑖 . (6)

The degree-𝑑 Bernstein trajectory sampled over the predic-
tion horizon 𝑁 is

x𝑘 =

𝑑∑︁
𝑖=0

𝐵𝑑
𝑖 (𝜏𝑘)p𝑖 , (7)

where 𝜏𝑘 is 𝑘/𝑁 for all 𝑘 ∈ {0, ..., 𝑁}. Each x𝑘 is a convex
combination of the control points since 𝐵𝑑

𝑖
(𝜏𝑘) ≥ 0 and∑𝑑

𝑖=0 𝐵
𝑑
𝑖
(𝜏𝑘) = 1. In particualr, x0 = p0 and x𝑁 = p𝑑 .

III. METHODOLOGY
This section details the formulation of a nonlinear model

predictive control (NMPC) problem that ensures the trajectory
remains collision-free. To achieve this, our pipeline, shown
in Fig. 2 and Algorithm 1, follows a flow from perception
to control. At each time step, our framework generates an
occupancy grid map (OGM) by discretizing the sensor data
into a grid of occupied and free cells. The A* algorithm then
uses this map to plan a global path, omitting replanning for
efficiency when the previous remains collision-free. Subse-
quently, a dynamic safe corridor is constructed from nearby
obstacles to define a safe region, as shown in Fig. 3. Each
safe corridor is a convex region, defined as the intersection of
half-spaces, S ≔

⋂𝑚
𝑖=1

{
x|a𝑇

𝑖
x+b𝑖 ≥ 0

}
. The corresponding
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Fig. 2: NMPC-based collision-free trajectory planning and control pipeline. This framework ensures the entire reference trajectory remains in
a safe set by constraining its Bernstein control points within a perception-driven corridor.

Algorithm 1 NMPC for collision-free trajectory planning and
control with Bernstein control points.
Require: Sensor data stream Z𝑘 , Goal state g, System

dynamics f, Maximum number of half-spaces defining
the safe corridor 𝑚

1: while robot not at goal do
2: Initialize current state x0
3: Get an occupancy grid map O𝑘 from Z𝑘 and x𝑘

4: Get a global path 𝜋global from O𝑘 and x𝑘 using the A∗
algorithm

5: Construct the safe corridor defined by
S =

⋂𝑚
𝑖=1

{
x|a𝑇

𝑖
x+b𝑖 ≥ 0

}
from O𝑘 and x𝑘

6: Get an optimal control u∗
𝑘
← NMPC(x𝑘 , 𝜋global, S)

7: Apply the control input u∗
𝑘

and update the state x𝑘

8: end while

9: procedure NMPC(x𝑘 , 𝜋global, S)
10: Define the decision variables 𝑋 , 𝑈, and 𝑃ctrl
11: Minimize the cost (8) over the decision variables
12: subject to
13: system dynamics x𝑘+1 = f (x𝑘 ,u𝑘)
14: state and input bounds
15: safety constraint (19)
16: return first optimal control input u∗

𝑘

17: end procedure

discrete-time CBF is then given by ℎ𝑖 (x) ≔ a𝑇
𝑖

x + b𝑖 , with
the safety condition ℎ𝑖 (x) ≥ 0 for all 𝑖. Finally, an optimal
control problem is solved to find the control input that confines
the system’s state to the convex regions defined by the safe
corridors. The remainder of this section will delve into our
optimal control problem, which is formulated to find a safe
local path and the corresponding control input required to
follow it. For clarity, the formulations in this section are
presented at the first time step, but they are recursively applied
at each subsequent time step, as outlined in Algorithm 1.

Fig. 3: Safe corridors accumulated over time steps. The safe corridors
are dynamically reshaped by the mobile robot’s position relative to
nearby obstacles, ensuring safety throughout the trajectory with a
predefined safety margin of 0.1 m.

A. Objective
The objective function achieves a balance among several

competing goals, including state tracking, control effort, and
input smoothness. Furthermore, it includes penalty terms
to encourage global path guidance, reaching the goal, and
minimizing slack variables. It is formulated to find the optimal
control input which minimizes the cost function 𝐽 at the first
time step:

𝐽 (𝑋,𝑈,𝑃ctrl) =
𝑁−1∑︁
𝑘=0

𝐿𝑘 (x𝑘 ,u𝑘) + 𝐿𝑇 (x𝑁 ) + 𝐿𝑃 (𝑃ctrl), (8)

where 𝑋 = {x0, ...,x𝑁 } is the predicted state sequence, 𝑈 =

{u0, ...,u𝑁−1} is the control input sequence, and 𝑃ctrl =
{p0, ...,p𝑑} is the set of Bernstein control points of a degree-𝑑
Bernstein polynomial. As shown in (8), the objective function
is composed of three cost components.
• Stage cost (𝐿𝑘) The term represents the sum of penalties

for undesirable behaviors at each step 𝑘 over the predic-
tion horizon 𝑁 . It is formulated as

𝐿𝑘 (x𝑘 ,u𝑘) = 𝐽track,𝑘 + 𝐽ctrl,𝑘 + 𝐽smooth,𝑘 . (9)



The state tracking cost 𝐽track,𝑘 penalizes deviations from a
Bernstein reference trajectory parameterized by Bernstein
control points:

𝐽track,𝑘 = 𝑤𝑘

(
x𝑘 −x𝑟 ,𝑘

)𝑇 Q
(
x𝑘 −x𝑘,𝑟

)
, (10)

where x𝑘 denotes the local trajectory, and x𝑟 ,𝑘 is its
reference. The 𝑤𝑘 is a time-varying positive weight, and
Q is a constant semi-definite weight. The control effort
cost 𝐽ctrl,𝑘 is a quadratic penalty on the deviation of the
control input from its reference:

𝐽ctrl,𝑘 =
(
u𝑘 −u𝑟 ,𝑘

)𝑇 R
(
u𝑘 −u𝑟 ,𝑘

)
, (11)

where u𝑘 and u𝑟 ,𝑘 are the control input and its reference
at step 𝑘 , respectively. The weighting matrix R ⪰ 0 sets
the relative penalty on each input channel. The input
smoothness cost 𝐽smooth,𝑘 penalizes changes in the control
between consecutive steps:

𝐽smooth,𝑘 = 𝑤Δ𝑢 | |u𝑘 −u𝑘−1 | |22 , 𝑘 = 1, ..., 𝑁 −1, (12)

where 𝑤Δ𝑢 ≥ 0 is a constant weight.
• Terminal cost (𝐿𝑇 ) The terminal cost 𝐿𝑇 is a Mayer term

that strongly enforces convergence to the final reference
state x𝑟 ,𝑁 at the end of the horizon:

𝐿𝑇 (x𝑁 ) =
(
x𝑁 −x𝑟 ,𝑁

)𝑇 P
(
x𝑁 −x𝑟 ,𝑁

)
, (13)

where P ⪰ 0.
• Path cost (𝐿𝑃) The path cost 𝐿𝑃 serves to optimize

both the shape and guidance of the Bernstein reference
trajectory:

𝐿𝑃 (𝑃ctrl) = 𝐽smooth + 𝐽wp + 𝐽goal. (14)

The Bernstein path smoothness cost 𝐽smooth penalizes the
squared distance between consecutive control points to
ensure a smooth path:

𝐽smooth = 𝑤𝑏

𝑑−1∑︁
𝑖=0
| |p𝑖+1−p𝑖 | |22 , (15)

where 𝑑 is the degree of the Bernstein curve, and p𝑖 ∈ R𝑛

denotes the 𝑖-th control point of the Bernstein curve.
The waypoint guidance cost 𝐽wp guides the Bernstein
trajectory towards the waypoints sampled by the A*
algorithm:

𝐽wp = 𝑤wp

𝑑∑︁
𝑖=0

min
𝑗

����p𝑖,pos−w 𝑗

����
2 , (16)

where p𝑖,pos is the position components of the 𝑖-th control
point, and w 𝑗 is the 𝑗-th waypoint. The global attraction
cost strongly attracts the final control point to the goal.

𝐽goal = 𝑤goal
����p𝑑,pos−g

����
2 , (17)

where g is the goal position. The weights 𝑤𝑏, 𝑤wp, and
𝑤goal are constants associated with (15), (16), and (17),
respectively.

B. Constraints
The constraints ensure a physically feasible and safe trajec-

tory by enforcing four conditions: system dynamics, bounds on
states and control inputs, corridor-based safety, and geometric
restrictions on the Bernstein control points. Specifically, the
predicted trajectory must satisfy the discrete-time system
dynamics x𝑘+1 = f (x𝑘 ,u𝑘), with all states and inputs remaining
within the predefined bounds x𝑙 ≤ x𝑘 ≤ x𝑢 and u𝑙 ≤ u𝑘 ≤ u𝑢.
Furthermore, the initial predicted state x0 must coincide with
the robot’s current measured state. In addition to the physical
and boundary constraints, safety is a critical requirement.
The reference trajectory

{
x𝑟 ,𝑘

}𝑁
𝑘=0 parameterized by Bernstein

control points is

x𝑟 ,𝑘 =
𝑑∑︁
𝑗=0

𝐵𝑑
𝑗 (𝜏𝑘)p 𝑗 , (18)

where 𝜏𝑘 is 𝑘/𝑁 for all 𝑘 ∈ {0, . . . , 𝑁}. The controller ensures
safety by restricting the system to a predefined safe corridor,
mathematically expressed as the intersection of multiple linear
inequalities. If the CBF is defined by 𝑚 linear inequalities
a𝑇
𝑖

x+b𝑖 ≥ 0, 𝑖 = 1, ...,𝑚, the constraints on each control point
p 𝑗 are expressed in the relaxed form:

ℎ𝑖 (p 𝑗 ) − (1−𝛾)ℎ𝑖 (x0) ≥ 0, ∀𝑖 ∈ {1, . . . ,𝑚} ,∀ 𝑗 ∈ {0, . . . , 𝑑} .
(19)

Here, ℎ𝑖 (·) is the CBF associated with the 𝑖-th half-space
defining the corridor. The parameter 𝛾 ∈ [0,1) plays the same
role as the class-K function 𝛼(·) in Definition 2.2, serving as a
relaxation factor that softens the constraint near the boundary
to enhance feasibility. Additionally, constraint (19) guarantees
forward invariance of the Bernstein trajectory with respect to
the safe corridor. Since the first control point coincides with the
current state p0 = x𝑟 ,0 = x0, feasibility at the initial condition
implies that all subsequent control points remain within the
safe corridor. Due to the convex hull property of Bernstein
polynomials, this further ensures that the entire trajectory is
contained within the safe corridor.

Theorem 3.1 (Safety of Bernstein Trajectory): Let the safe
corridor be defined as

S ≔

𝑚⋂
𝑖=1

{
x|a𝑇𝑖 x+b𝑖 ≥ 0

}
. (20)

If the initial state coincides with the first control points, i.e.,
p0 = x0, and satisfies ℎ𝑖 (x0) ≥ 0 for all 𝑖 = 1, · · · ,𝑚, then the
entire Bernstein trajectory remains within the safe corridor:

x𝑟 ,𝑘 ∈ S, ∀𝑘 = 0, . . . , 𝑁. (21)
Proof: By assumption, the initial state satisfies the safe

corridor constraints, ℎ𝑖 (x0) ≥ 0 for all 𝑖. From (19), each
control point p 𝑗 of the Bernstein trajectory must satisfy

ℎ𝑖 (p 𝑗 ) ≥ 0, ∀ 𝑗 = 0, . . . , 𝑑. (22)

Since each ℎ𝑖 (·) is affine, if all control points satisfy (22), then
any convex combination of them must also satisfy ℎ𝑖 (x𝑟 ,𝑘) ≥ 0
due to the convex hull property of Bernstein polynomials.
Thus, we have x𝑟 ,𝑘 ∈ S for all 𝑘 . The entire Bernstein trajectory
remains within the safe corridor.



Definition 3.1 (Tightened Safe Set under Tracking Error):
Let x𝑘 and x𝑟 ,𝑘 denote the actual and reference Bernstein
trajectories at step 𝑘 , respectively. Assume the tracking error
is uniformly bounded:����x𝑘 −x𝑟 ,𝑘

����
2 ≤ 𝜖, ∀𝑘 = 0, ..., 𝑁. (23)

The 𝜖-tightened safe set is

S⊖𝜖 ≔ {x ∈ R𝑛 |B𝜖 (x) ⊆ S} , (24)

where B𝜖 (x) ≔ {y ∈ R𝑛 | | |y−x| |2 ≤ 𝜖} denotes the closed
Euclidean ball of radius 𝜖 centered at x.

Theorem 3.2 (Robust Safety via Tightening): Suppose the
Bernstein reference trajectory

{
x𝑟 ,𝑘

}𝑁
𝑘=0 lies entirely in the

tightened safe set S⊖𝜖 . If the tracking error is uniformly
bounded by

����x𝑘 −x𝑟 ,𝑘
����

2 ≤ 𝜖 for all 𝑘 , then the actual trajectory
also remains in the original safe set S:

x𝑘 ∈ S, ∀𝑘 = 0, . . . , 𝑁. (25)

Proof: By Definition 3.1, we have B𝜖

(
x𝑟 ,𝑘

)
⊆ S for

every reference point x𝑟 ,𝑘 . Since the tracking error is bounded
by

����x𝑘 −x𝑟 ,𝑘
����

2 ≤ 𝜖 , it follows that x𝑘 ∈ B𝜖 (x𝑟 ,𝑘). Therefore,
x𝑘 ∈ S for all 𝑘 , which establishes the robust safety guarantee.

Remark 3.1 (Practical Implementation): While
Theorem 3.2 establishes robust safety via the 𝜖-tightened safe
set, in practice, we combine this tightening with the relaxed
CBF condition (19) to improve feasibility. Specifically, the
implemented constraint takes the form

ℎ𝑖 (p 𝑗 ) − (1−𝛾)ℎ𝑖 (x0) ≥ 𝜖, ∀𝑖, 𝑗 . (26)

This modification enforces both a safety margin 𝜖 against
tracking errors and a relaxation factor 𝛾 to mitigate infeasibility
near the corridor boundary.

A key advantage of the proposed approach is that safety
verification needs to be performed only at the Bernstein control
points, rather than at every step of the prediction horizon.
In conventional methods [6]–[9], 𝑚 safety constraints are
imposed at each of the 𝑁 prediction steps, resulting in a total
of 𝑚𝑁 constraints and a computational burden that grows
linearly with the horizon length. In contrast, our Bernstein
trajectory requires only 𝑚(𝑑 + 1) constraints, where 𝑑 is the
degree of the Bernstein polynomial and typically 𝑑 ≪ 𝑁 .
This reduction transforms the safety check into a constant-size
problem independent of the horizon length, thereby yielding
a substantial computational saving while still guaranteeing
forward invariance of the entire trajectory through the convex
hull property.

IV. EXPERIMENTAL RESULTS
In this section, we demonstrate our approach through sim-

ulation experiments. Specifically, we show that the proposed
NMPC framework ensures forward-invariant safety while sub-
stantially lowering computational costs. The results highlight
not only improved feasibility in complex environments but
also significant efficiency gains over two baselines. We refer

to our proposed approach as BP-NMPC-CBF, which stands
for Bernstein polynomial parameterized nonlinear model
predictive control with control barrier functions.

A. System model
1) System dynamics: To validate the proposed approach,

numerical case studies were carried out on a unicycle model
in discrete time. The state vector is x𝑘 =

[
𝑙𝑥,𝑘 , 𝑙𝑦,𝑘 , 𝜃𝑘 , 𝑣𝑘

]𝑇 ,
which consists of position, heading, and linear speed. The
control input is u𝑘 =

[
𝜔𝑘 , 𝑎𝑘

]𝑇 , denoting angular velocity
and linear acceleration. With a sampling period of Δ𝑡 > 0,
the system evolves according to the following state transition
equation:

x𝑘+1 = f (x𝑘 ,u𝑘) ≜


𝑙𝑥,𝑘 + 𝑣𝑘 cos𝜃𝑘Δ𝑡
𝑙𝑦,𝑘 + 𝑣𝑘 sin𝜃𝑘Δ𝑡

𝜃𝑘 +𝜔𝑘Δ𝑡

𝑣𝑘 + 𝑎𝑘Δ𝑡

 . (27)

2) System configuration: All experiments are conducted in
an 8 m× 8 m workspace from start x0 =

[
−3.0, 0.0, 0.0, 0.5

]𝑇
to goal state g =

[
3.0, 0.0, 0.0, 0.0

]𝑇 . In the static scenario,
the radii of two circular obstacles are randomly generated
for each run, resulting in a narrow passage with vary-
ing clearance between the obstacles. Weighting matrices
are Q = P = diag (10, 10, 10, 10), R = diag (1, 1), and S =

diag (1000, 1000). In the dynamic scenario, two circular
obstacles oscillate, and each center moves along the 𝑥-
axis, 𝑦-axis, or the 45◦ diagonal. Amplitude and frequency
are independently sampled as 𝐴 ∼ [0.3, 0.5] m and 𝑓 ∼
[0.08, 0.18] Hz, respectively. A trial is considered successful
if the agent’s position is within 0.10 m of the goal. It is
considered a failure if a collision occurs or if the time
limit is exceeded. Each experiment was repeated for 100
randomized trials, where obstacle radii, oscillation amplitude,
and frequencies were uniformly sampled within the specified
ranges. This setup ensures statistical robustness and captures
diverse environmental realizations for evaluation.

B. Baselines
To evaluate our approach, we compared our method against

two baselines as follows.
• NMPC-DCBF (𝑚cbf = 1) [6] The baseline integrates

discrete-time control barrier functions (DCBFs) into the
NMPC framework. Safety is enforced by imposing CBF
constraints at every step of the prediction horizon.

• NMPC-DCBF (𝑚cbf = 2) [6], [7] The extension incorpo-
rates high-order discrete-time CBFs (HOCBFs) to handle
constraints with higher relative degrees [13], thereby
ensuring forward invariance under more complex system
dynamics.

The parameter 𝑚cbf denotes the relative degree of the safety
constraint and determines which baseline is applied to the
unicycle model. For standard position-based constraints such
as obstacle avoidance, the relative degree is 1 (𝑚cbf = 1). In this
case, the control input directly influences the constraint state.
In contrast, the relative degree becomes 2 (𝑚cbf = 2) when
the safety condition involves higher-order dynamics such as



TABLE I: Performance comparison of control methods in a narrow
passage formed by two static obstacles. The results are reported as
the average of the mean and standard deviation over 100 trials.

Prediction Success ↑ Computation Safety margin
horizon rate (%) time (s) ↓ ratio ↑

NMPC-DCBF
(𝑚cbf = 1) [6]

N = 30 1.00 0.039 ± 0.018 0.977 ± 0.071
N = 20 1.00 0.026 ± 0.100 0.985 ± 0.181
N = 10 1.00 0.025 ± 0.010 0.979 ± 0.083

NMPC-DCBF
(𝑚cbf = 2)

[6], [7]

N = 30 1.00 0.112 ± 0.044 0.979 ± 0.049
N = 20 1.00 0.071 ± 0.031 0.986 ± 0.015
N = 10 1.00 0.033 ± 0.014 0.997 ± 0.221

BP-NMPC-CBF
(Ours)

N = 30 1.00 0.018 ± 0.008 0.990 ± 0.044
N = 20 1.00 0.009 ± 0.005 0.986 ± 0.058
N = 10 1.00 0.013 ± 0.004 0.961 ± 0.111

Fig. 4: Trajectory comparisons between baseline NMPC-DCBF
methods and the proposed approach with varying relative degrees
𝑚cbf and horizon lengths 𝑁 . This sample scenario, in which the
robot must navigate through a narrow passage, demonstrates which
algorithms maintain a safe trajectory until the goal is reached.

acceleration limits. To ensure a fair comparison, all methods
share the same solver settings and cost structure, with the only
difference being the safety constraints. This design allows us
to focus on the effect of our Bernstein-based CBF.

C. Results
To evaluate the performance of different control methods

in Table I and II, we consider three metrics. The success
rate is defined as the ratio of successful trials in which the
agent reaches the goal without collision. The computation
time measures the average computation time per decision step,
where lower values indicate higher real-time feasibility. The
safety margin ratio is computed by normalizing the distance
between the agent and the nearest obstacle with respect to
the predefined safety margin of 0.1 m. The safe margin
corresponds to the 𝜖 defined in (23) and (26). Figs. 6 and 7
indicate that a value of 0.1 m is appropriate to use as the safety
margin. All reported results were obtained on a MacBook Pro
equipped with an M3 chip and 16 GB of RAM.

The trajectories of our algorithm, shown in Fig. 4 and
Fig. 5, correspond to tracking a reference path parameterized
by a Bernstein polynomial of degree 3. In the narrow passage
scenario shown in Fig. 4, all methods achieve a 100% success
rate, confirming consistent safety performance (Table I).
The most notable difference is observed in computational
efficiency. The NMPC-DCBF baseline with 𝑚cbf = 2 exhibits
the highest computational cost, requiring up to 0.112 seconds
per iteration at 𝑁 = 30. In contrast, our method requires only

TABLE II: Performance comparison of control methods in a dynamic
narrow passage formed by two oscillating obstacles. The results are
reported as the average of the mean and standard deviation over 100
trials.

Prediction Success ↑ Computation Safety margin
horizon rate (%) time (s) ↓ ratio ↑

NMPC-DCBF
(𝑚cbf = 1) [6]

N = 30 1.00 0.044 ± 0.021 0.979 ± 0.090
N = 20 0.99 0.047 ± 0.021 0.968 ± 0.103
N = 10 0.99 0.024 ± 0.007 0.991 ± 0.051

NMPC-DCBF
(𝑚cbf = 2)

[6], [7]

N = 30 1.00 0.074 ± 0.030 0.966 ± 0.110
N = 20 1.00 0.068 ± 0.027 0.969 ± 0.101
N = 10 1.00 0.033 ± 0.012 0.980 ± 0.083

BP-NMPC-CBF
(Ours)

N = 30 1.00 0.018 ± 0.053 0.976 ± 0.104
N = 20 1.00 0.018 ± 0.040 0.965 ± 0.111
N = 10 1.00 0.011 ± 0.006 0.990 ± 0.085

Fig. 5: Trajectory comparisons between the baseline NMPC-DCBF
methods and the proposed approach are shown for varying relative
degrees 𝑚cbf and horizon lengths 𝑁 . In the oscillating-obstacle
scenario, the dynamic narrow passage evaluates each controller’s
ability to maintain safe navigation until the goal is reached. Each
trajectory is collision-free, and the oscillating obstacle motions are
depicted together for clarity.

about 0.018 seconds at 𝑁 = 30. Compared to the 𝑚cbf = 1
baselines, our method reduces computation time by about
65%−70%, and achieves nearly 85%−90% reduction relative
to the 𝑚cbf = 2 baselines. The safety margin ratio achieved by
our method ranges from 0.96 to 0.99, which is comparable
to that of the baselines. Fig. 4 compares the trajectories
generated by the baseline NMPC-DCBF methods and our
proposed approach for different relative degrees 𝑚cbf and
horizon lengths 𝑁 . Additionally, we evaluate the evolution
of the system states, including the position 𝑥 and 𝑦, heading
angle 𝜃, and linear speed 𝑣, to analyze the dynamic behavior
of different controllers. As shown in Fig. 8, the NMPC-
DCBF baselines with 𝑚cbf = 1 and 𝑚cbf = 2 follow similar
patterns, accelerating gradually from an initial velocity of
0.5 m/s while making more aggressive heading adjustments
to remain within the safe corridor. In contrast, our method
initiates at a higher velocity (about 1.4 m/s) and gradually
decelerates toward the goal, leading to smoother and more
stable heading adjustments. These results show that while all
methods ensure safety, our approach converges faster and more
smoothly, demonstrating computational efficiency and robust
performance across different prediction horizons.

In the dynamic narrow passage scenario with oscillating
obstacles as shown in Fig. 5, all methods achieve nearly perfect
success rates, as summarized in Table II, confirming that



Fig. 6: Tracking errors of the proposed BP-NMPC-CBF under static
obstacles forming a narrow passage for horizon lengths 𝑁 = 10, 20,
and 30.

Fig. 7: Tracking errors of the proposed BP-NMPC-CBF under
oscillating obstacles forming a dynamic narrow passage for horizon
lengths 𝑁 = 10, 20, and 30.

safety was consistently maintained. In this environment, the
passage width continuously expands and contracts, testing each
controller’s ability to maintain safe trajectory planning until the
goal is reached. Depending on 𝑚cbf and 𝑁 , the NMPC-DCBF
baselines require computation times ranging from 0.024 to
0.074 seconds per iteration, whereas our method reduces this
to between 0.011 and 0.018 seconds. This corresponds to a
reduction of about 60% to 75% in computation time compared
to the 𝑚cbf = 1 baselines and nearly 80% relative to 𝑚cbf = 2
baselines. At the same time, the safety margin ratios of our
method remain comparable to those of the baselines, showing
that the efficiency gains are achieved without compromising
safety. In Fig. 9, we evaluate the state trajectories of the
controllers within a dynamic narrow passage scenario created
by two oscillating obstacles. The NMPC-DCBF baselines
with 𝑚cbf = 1 and 𝑚cbf = 2 both gradually accelerate from
the initial velocity of 0.5 m/s while frequently adjusting the
heading angle to remain within the safe corridor formed
by the moving obstacles. As the prediction horizon 𝑁 in-
creases, these adjustments become more conservative, leading
to larger variations in the heading angle. In contrast, our
method smoothly decelerates as the robot approaches the goal,
resulting in a more stable trajectory and reduced oscillations
in the heading angle. These results confirm that our approach
achieves faster yet smoother convergence, demonstrating both
robust performance and improved computational efficiency
even under dynamic obstacle conditions.

Fig. 10 compares controller computation times across
different Bernstein polynomial degrees under static and os-
cillating obstacle environments. In the static case, as shown
in Fig. 10a, the average computation times are approximately

(a) 𝑥 trajectories across controllers, relative degrees, and horizons.

(b) 𝑦 trajectories across controllers, relative degrees, and horizons.

(c) Heading 𝜃 trajectories for different controllers, relative degrees, and
horizons.

(d) Speed trajectories for different controllers, relative degrees, and horizons.

Fig. 8: Comparison of the state trajectories (𝑥, 𝑦, 𝜃, 𝑣) between the
baselines and the proposed approach across relative degrees 𝑚cbf
and prediction horizons 𝑁 . Colors represent controller types (orange:
ours, red: 𝑚cbf = 1, green: 𝑚cbf = 2), and line styles denote horizon
lengths (solid: 𝑁 = 10, dashed: 𝑁 = 20, dash-dot: 𝑁 = 30).

0.017 seconds, 0.020 seconds, and 0.024 seconds for degrees
3, 4, and 5, with standard deviations around 0.010− 0.012
seconds. This suggests that higher polynomial degrees result in
only a modest increase in computation time, while variability
remains consistently low. In contrast, in the oscillating obstacle
case, as shown in Fig. 10b, the averages rise gradually
from approximately 0.024 to 0.031 seconds, but the standard
deviations are considerably larger (0.066 − 0.078 seconds),
highlighting the greater uncertainty introduced by dynamic
environmental changes.



(a) 𝑥 trajectories across controllers, relative degrees, and horizons.

(b) 𝑦 trajectories across controllers, relative degrees, and horizons.

(c) Heading 𝜃 trajectories for different controllers, relative degrees, and
horizons.

(d) Speed trajectories for different controllers, relative degrees, and horizons.

Fig. 9: State trajectories (𝑥, 𝑦, 𝜃, 𝑣) for the baselines and the proposed
approach in the dynamic narrow passage scenario with oscillating
obstacles. Colors indicate controller types (orange: proposed, red:
𝑚cbf = 1, green: 𝑚cbf = 2), and line styles represent horizon lengths
(solid: 𝑁 = 10, dashed: 𝑁 = 20, dash-dot: 𝑁 = 30).

V. CONCLUSIONS
The paper proposes a nonlinear model predictive control

(NMPC) algorithm parameterized by Bernstein control points
with CBF constraints, termed BP-NMPC-CBF. The central
contribution lies in reducing the number of safety constraints.
This reduction decouples safety verification from the predic-
tion horizon length, yielding significant computational savings
without compromising safety guarantees.

Nevertheless, the study is limited to simulation-based
evaluations on a unicycle model. While these case studies
provide valuable insights into algorithmic feasibility, real-
world robotic systems face additional challenges, includ-

Bernstein Degree

(a) Static obstacles environment for
different Bernstein degrees.

Bernstein Degree

(b) Oscillating obstacles environment
for different Bernstein degrees.

Fig. 10: Comparison of controller computation time distributions
across different Bernstein degrees in two environments. The results
are how the proposed approach scales with the Bernstein trajectory
degree under varying environmental changes.

ing model uncertainties, actuator limits, sensing noise, and
communication delays. Addressing these issues remains an
essential step toward practical deployment.
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